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1910 Dehn, Nielsen, Magnus
Nielsen Magnus
1784 2012 119-134 119
1980
Culler, Vogtmann, Hatcher Outer space
Hain Johnson IA-
$n$ $F_{n}$ Aut $F_{n}$
$g\geq 2$ 1
$\Sigma_{g,1}$
$G$ $G$ $x,$ $y$ $x$ $y$ $[x, y]=xyx^{-1}y^{-1}$
$G$ Aut $G$ $G$ $\sigma\in$ Aut $G$ $x\in G$
$x^{\sigma}$ $Z$ $A$ $\mathbb{Q}$ $\mathbb{Q}$-
$A\otimes_{Z}\mathbb{Q}$ $A_{\mathbb{Q}},$
$A^{\mathbb{Q}}$ $Z$ $f$ : $Aarrow B$
$\mathbb{Q}$ $f\otimes$ id$\mathbb{Q}$ $f_{\mathbb{Q}},$ $f^{\mathbb{Q}}$
1.1
Aut $F_{n}$ 1, 2 Aut $F_{n}$
Aut $F_{n}$
Aut $F_{n}$ Nielsen [26]
4 $P,$ $Q,$ $S,$ $U$ :
Nielsen GL$(n, Z)$ “
” Aut $F_{n}$
1.1 (Nielsen [261). $n\geq 3$ Aut $F_{n}$ $P,$ $Q,$ $S,$ $U$
(Rl): $P^{2}=1$ ,
(R2): $(QP)^{n-1}=Q^{n}=1$ ,
(R3): $[P, Q^{-i}PQ^{i}]=1$ , $(2\leq i\leq[n/2])$ ,
(R4): $S^{2}=1$ ,
(R5): $[S, Q^{-1}PQ]=[S, QP]=1$ ,
(R6): $(PS)^{4}=(PSPU)^{2}=1$ ,
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(R7): $[U, Q^{-2}PQ^{2}]=[U, Q^{-2}UQ^{2}]=1$ , $(n\geq 4)$ ,
(R8): $[U, Q^{-2}SQ^{2}]=[U, SUS]=1$ ,
(R9): $[U, QPQ^{-1}PQ]=[U, PQ^{-1}SUSQP]=1$ ,
(R10): $[U, PQ^{-1}PQPUPQ^{-1}PQP]=1$ ,
(Rll): PUPSU $=USPS$ ,
(R12): $(PQ^{-1}UQ)^{2}UQ^{-1}U^{-1}QU^{-1}=1$ .
Aut $F_{n}$ McCool [17]
Whitehead Aut $F_{n}$ Gersten
McCool
$X^{\pm 1}=\{x_{1}^{\pm 1}, \ldots, x_{n}^{\pm 1}\}\subset F_{n}$ $a\neq b^{\pm 1}$ $a,$
$b\in X^{\pm 1}$
$E_{ab}\in$ Aut $F_{n}$
$a\mapsto ab$ , $c\mapsto c$ , $c\neq a^{\pm 1}$
$E_{ab}$ Nielsen $a\neq b^{\pm 1}$ $a,$ $b\in X^{\pm 1}$
$w_{ab}=E_{ba}E_{a^{-1}b}E_{b^{-1}a^{-1}}$ $\tau\in$ Aut $F_{n}$
$x_{1}\mapsto x_{1}^{-1}$ , $x_{i}\mapsto x_{i},$ $i\geq 2$
1.2 (Gersten [8]). $n\geq 2$ Aut $F_{n}$ $E_{ab},$ $(a\neq b^{\pm 1})$ $\tau$
(Gl); $E_{ab}^{-1}=E_{ab^{-1}}$ ,
(G2): $[E_{ab}, E_{cd}]=1$ , $a\neq c,$ $d^{\pm 1}$ , $b\neq c^{\pm 1}$ ,
(G3): $[E_{ab}, E_{bc}]=E_{ac}$ , $a\neq c^{\pm 1}$ ,
(G4)’: $w_{ab}E$ $dw_{ab}^{-1}=E_{c^{\sigma}d^{\sigma}}$ , $\sigma$ $w_{ab}$ $X^{\pm 1}$ monomial
(G5): $w_{ab^{4}}=1$ ,
(G6): $\tau E_{ab}\tau=E_{a^{\tau}b^{\tau}}$ ,
(G7): $\tau^{2}=1$ .
1.2 IA-
$F_{n}$ $H:=H_{1}(F_{n}, Z)$ Aut $F_{n}$ $H$
$\rho$ :Aut $F_{n}arrow$ Aut $(H)=$ GL$(n, Z)$
Aut $F_{n}$ Nielsen $\rho$
$\rho$ IA$n$ $IA$- $IA_{n}$
Nielsen [25] IA2 Inn $F_{2}$
$IA_{n}$ Inn $F_{n}$ $i,j,$ $k\in$
$\{1,2, \ldots, n\}$
$K_{ij}:\{\begin{array}{l}x_{i} \mapsto x_{j}^{-1_{X_{i}X_{j}}},x_{l} \mapsto x_{l}, (l\neq i)’\end{array}$ K.. $k^{;}\{\begin{array}{l}x_{i} \mapsto x_{i}x_{j}x_{k}x_{j}^{-1}x_{k}^{-1},x_{l} \mapsto x_{l}, (l\neq i)\end{array}$
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Magnus [16] $IA_{n}$
Cohen-Pakianathan [4, 5], Farb [7], [12]
$IA_{n}$
$H_{1}$ $($ IA$n,$ $Z)\cong H^{*}\otimes_{Z}\Lambda^{2}H$
$H^{*}:=$ Homz $(H, Z)$ $H_{1}(IA_{n}, Z)$
Magnus
$n\geq 3$ $IA_{n}$ $n=3$









1.3 (Dehn and Nielsen). $g\geq 1$
$\varphi(\mathcal{M}_{g,1})=\{\sigma\in$ Aut $F_{2g}|\zeta^{\sigma}=\zeta\}\subset$ Aut $F_{2g}$





$\mathcal{I}_{g,1}$ $\Sigma_{g,1}$ Torelli $\mathcal{I}_{g,1}$
$\pi_{1}(\Sigma_{g,1})^{ab}=H_{1}(\Sigma_{g,1} , Z)$
$H_{1}(\Sigma_{g,1} , Z)$ $H$




1 $arrow$ IA $arrow$ Aut $F_{2g}arrow^{\rho}$ GL$(2g, Z)arrow 1$
$\varphi|_{\mathcal{I}_{g,1\uparrow}}$ $\varphi\uparrow$ $\uparrow$
$1arrow \mathcal{I}_{g,1}arrow$ $\mathcal{M}_{g,1}$
$\underline{\rho|_{\mathcal{M}_{g,1}}}arrow Sp(2g, Z)arrow 1$
Torelli 1 Dennis Johnson [11]
$H_{1}(\mathcal{I}_{g,1}, Z)=\Lambda^{3}H\oplus$ ( $2$-torsions)
$\mathcal{I}_{g,1}$
$\Lambda^{3}H$
1.4. (1) (Morita, $[23J)g\geq 2$ $H^{1}(\Lambda 4_{g},{}_{1}H)=$ Z.
(2) (Morita, $[22J)g\geq 9$ $H^{2}(M_{g},{}_{1}H)=0$ .
(3) (Morita, [24]) $g\geq 9$ $H^{2}(\mathcal{M}_{g,1}, \Lambda^{3}H)=Z^{\oplus 2}$ .
Poincar\’e $\mathcal{M}_{g,1}$ $H$ $H^{*}:=$ Homz $(H, Z)=$
$H^{1}(\Sigma_{g,1} , Z)$
1.4




15(S. [30]). $n\geq 2$
$H^{1}$ (Aut $F_{n},$ $H$) $=Z$ , $H^{1}$ (Aut $F_{n},$ $H^{*}$ ) $=0$
Aut $F_{n}$ $H$ $H^{*}$
$H^{1}$ (Aut $F_{n},$ $H$) $=Z$
$H^{1}(\mathcal{M}_{g},{}_{1}H)=\mathbb{Z}$
Magnus
$H^{1}$ (Aut $F_{n},$ $H$ ) $=Z$ Mugnus
Dehn-Nielse $M_{g,1}=\div$ Aut $F_{2g}$
$H^{1}$ (Aut $F_{n},$ $H$) $arrow H^{1}(\mathcal{M}_{g},{}_{1}H)\underline{\simeq}$,
Aut $F_{n}$ $H_{\mathbb{Q}},$ $H_{\mathbb{Q}}^{*}$ 2
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16(S. [32]). $n\geq 6$









1.7 (Hatcher-Wahl [9]). For $n>3i+9$ ,
$H_{i}$ (Aut $F_{n},$ $H$ ) $=0$ .
1.5 IA-
Aut $F_{n}$ $H$ , $H^{*}$
$GL(n, Z)$ $V$ Aut $F_{n}arrow GL(n, Z)$ $V$
Aut $F_{n}$ Aut $F_{n}$ ( ) $H^{*}(AutF_{n}, V)$
IA- $H^{*}(IA_{n}, Z)$
$1arrow IA_{n}arrow$ Aut $F_{n}arrow$ GL$(n, Z)arrow 1$
Lyndon-Hochshild-Serre
$H^{1}$ (Aut $F_{n},$ $V$ ) $U:=H^{1}($ IA$n,$ $Z)$ $U\cong H^{*}\otimes_{Z}\Lambda^{2}H$
$H$ GL$(n, Z)$ $H^{1}$ (Aut $F_{n},$ $H$ )
$U$ Aut $F_{n}$ detect
L8 (S. [34]). For $n\geq 5$ ,
$H^{1}$ (Aut $F_{n},$ $U$ ) $=Z^{\oplus 2}$ .
(
14 (3) ),
[34] $H^{1}$ (Aut $F_{n},$ $U$ )
Magnus crossed homomorphism
Mgnus crossed homomorphism $H^{1}$ (Aut $F_{n},$ $U$ )
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1.6
(1) GL$(n, Z)$ $V$ $H^{*}$ (Aut $F_{n},$ $V$ )
(2) ( )
(3) (( ) $n$ )
( ) detect
(1) [12] Magnus
1.9 (Kawazumi [12]). $p\geq 1$ $H^{p}($Aut $F_{n},$ $H^{*}\otimes_{Z}H^{\otimes(p+1)})$
2 Johnson
GL$(n, Z)$ $V$ ( ) $H^{*}$ (Aut $F_{n},$ $V$ )
$H^{*}(IA_{n}, Z)$ $H^{*}(IA_{n}, Z)$
IA$n$ ( )
2.1 (Bestvina-Bux-Margalit [3]). $n\geq 3$




















$\mathcal{L}_{n}$ 1930 Magnus, Witt, Hall
$\mathcal{L}_{n}(k)$ $GL(n, Z)$-
( [16], [29] )
2.2 Andreadakis-Johnson filtration
$k\geq 0$ Aut $F_{n}$ $F_{n}$ $F_{n}/\Gamma_{n}(k+1)$
Aut $F_{n}arrow$ Aut $(F_{n}/\Gamma_{n}(k+1))$
(k) Aut $F_{n}$
Aut $F_{n}=\mathcal{A}_{n}(0)\supset \mathcal{A}_{n}(1)\supset \mathcal{A}_{n}(2)\supset\cdots$
$\mathcal{A}_{n}(1)=IA_{n}$ Aut $F_{n}$ Andreadakis-Johnson
filtration Andreadakis [1]
2.2 (Andreadakis, [1]).
(1) $k,$ $l\geq 1$ , $\sigma\in \mathcal{A}_{m}(k),$ $x\in\Gamma_{n}(l)$ $x^{-1}x^{\sigma}\in\Gamma_{n}(k+l)$ .




(4) $k\geq 1$ $gr^{k}(\mathcal{A}_{m})$ $:=\mathcal{A}_{n}(k)/\mathcal{A}_{n}(k+1)$
Andreadakis [1] $k\geq 1$ rankz $gr^{k}(\mathcal{A}_{2})$ $rank_{zg}r^{2}(\mathcal{A}_{3})$
Pettet [28] $n\geq 3$ $rank_{Z}gr^{2}(\mathcal{A}_{m})=$
$\frac{1}{3}n^{2}(n^{2}-4)+\frac{1}{2}n(n-1)$ [31]
$n\geq 3$ rankz $gr^{3}(\mathcal{A}_{n})$ $gr^{k}(\mathcal{A}_{n}):=A_{\eta}(k)/\mathcal{A}_{\eta}(k+1)$
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2.3 GL$(n, Z)\cong$ Aut $F_{n}/IA_{n}$
$\mathcal{L}_{n}(k)$ , $gr^{k}(A_{n})$ GL$(n, Z)$
$k\geq 1$ $\Gamma_{n}(k)$ Aut $G$ $\Gamma_{n}(k)$
( ) Aut $G$ $\mathcal{L}_{n}(k)=\Gamma_{n}(k)/\Gamma_{n}(k+1)$
22 (1) Aut $F_{n}$ $\mathcal{L}_{n}(k)$ $IA_{n}$
GL$(n, Z)\cong$ Aut $F_{n}/IA_{n}$ $\mathcal{L}_{n}(k)$
$A_{n}(k)$ Aut $F_{n}$ Aut $F_{n}$ $\mathcal{A}_{n}(k)$
( ) Aut $F_{n}$ Andreadakis-Johnson filtration
$gr^{k}(\mathcal{A}_{n})$ 22 (2) Aut $F_{n}$ $gr^{k}(\mathcal{A}_{n})$




$k\geq 1$ $\mathcal{A}_{n}(k)arrow$ Homz $(H, \mathcal{L}_{n}(k+1))$




$\tau_{k}$ Aut $F_{n}$ k-Johnson $\tau_{k}$ GL$(n, Z)-$
gr$k(\mathcal{A}_{n})$ GL$(n, Z)$-
23. $\tau_{k}$ ${\rm Im}(\tau_{k})$ , Coker $(\tau_{k})$ GL$(n, Z)$ -




$k\geq 2$ $\tau_{k}$ [31]
Coker $(\tau_{2})\cong S^{2}H$, Coker $(\tau_{3,\mathbb{Q}})\cong S^{3}H_{\mathbb{Q}}\oplus\Lambda^{3}H_{\mathbb{Q}}$
Trace
$k\geq 2$ Johnson $\tau_{k,\mathbb{Q}}$ GL$(n, \mathbb{Q})$ -
$H_{\mathbb{Q}}=H\otimes_{Z}\mathbb{Q}$ $k$ $S^{k}H_{\mathbb{Q}}$ $S^{k}H_{\mathbb{Q}}$
(Johnson )
Coker $(\tau_{k,\mathbb{Q}})$ GL $(n, \mathbb{Q})$ $gr^{k}(\mathcal{A}_{n})$
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2.5 2-Johnson
Coker$(\tau_{2})=S^{2}H$ Pettet [28] GL
Coker$(\tau_{2,\mathbb{Q}})=S^{2}H_{\mathbb{Q}}$
IA$n$











Bachmuth[2] $\mathcal{A}_{n}’(2)=\mathcal{A}_{n}(2),$ $k\geq 1$







GL $(n, \mathbb{Q})$ GL$(n, \mathbb{Q})$-
Coker $(\tau_{k,\mathbb{Q}})\subset$ Coker $(\tau_{k,\mathbb{Q}}’)$
Coker $(\tau_{k,\mathbb{Q}}’)$ Coker $(\tau_{k,\mathbb{Q}})$
( ) $\tau_{k}’$ Aut $F_{n}$
k-Johnson
Coker $(\tau_{k,\mathbb{Q}}’)$
24(S. [35]). $k\geq 2$ , $n\geq k+2$ GL $(n, \mathbb{Q})$
Coker $(\tau_{k,\mathbb{Q}}’)\cong C_{n}^{\mathbb{Q}}(k)$
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$C_{n}(k)$ $k$ Cyc$k$ $H^{\otimes k}$








$T(H):=H\oplus H^{\otimes 2}\oplus H^{\otimes 3}\oplus\cdots$
$k$
$\iota_{k}$ : $\mathcal{L}_{n}(k)arrow H^{\otimes k}$
Johnson
$id_{H^{*}}\otimes\iota_{k+1}:H^{*}\otimes_{Z}\mathcal{L}_{n}(k+1)arrow H^{*}\otimes_{Z}H^{\otimes(k+1)}$
$k\geq 1$ $H^{*}\otimes_{Z}H^{\otimes(k+1)}$ 1 $\varphi^{k}$ : $H^{*}\otimes_{Z}H^{\otimes(k+1)}arrow$
$H^{\otimes k}$
$\varphi^{k}$





$H^{\otimes k}arrow C_{n}(k)$ GL $(n, Z)-$
$Tr_{k}:H^{*}\otimes_{Z}\mathcal{L}_{n}(k+1)arrow C_{n}(k)$








2.5 (Enomoto-S., [6]). $n\geq k+2$ $C_{n}^{\mathbb{Q}}(k)$ $\lambda$ GL-
$L_{GL}^{\lambda}$ $[C_{n}^{\mathbb{Q}}(k):L_{GL}^{\lambda}]$
$\lambda$ $\mathfrak{S}_{k}$ - $S^{\lambda}$ $Cyc_{k}$
$Cyc_{k}$ triv$\mathcal{O}$ $[{\rm Res}_{Cyc_{k}}^{\mathfrak{S}^{k}}:triv_{k}]$
$k$ 1 $C_{n}^{\mathbb{Q}}(k)$ GL-
$1\leq k\leq 7$ $C_{n}^{\mathbb{Q}}(k)$ GL-
$(\lambda)$ Young tableau $\lambda$ GL$(n, \mathbb{Q})$-
$L^{(\lambda)}$
2.6. GL $(n, \mathbb{Q})$ - $C_{n}^{\mathbb{Q}}(k)$ $Cyc_{k}$ $H_{\mathbb{Q}}^{\otimes k}$
Johnson Coker $(\tau_{k,\mathbb{Q}}’)$ GL$(n, \mathbb{Q})$ -
Kontsevich $a_{n}(k)$ [1$3J$ $l^{1}4l$
Johnson ${\rm Im}(\tau_{k,\mathbb{Q}}’)$ GL-
$1\leq k\leq 7$
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polynomial part $(\lambda)$ Young tableau $\lambda$
GL$(n, \mathbb{Q})$- $L^{(\lambda)}$ non-polynomial part $(\mu)$
GL $(n, \mathbb{Q})$ - $L^{\{\mu;(1)\}}$
[6] $C_{n}^{\mathbb{Q}}(k)$ $H_{\mathbb{Q}}$
2.7 (Enomoto-S., [6]). $k\geq 2$ $n\geq k+2$
(1) $[Coker(\tau_{k,\mathbb{Q}}’):S^{k}H_{\mathbb{Q}}]=1$ .






( ), ( )
131
References
[1] S. Andreadakis; On the automorphisms of free groups and free nilpotent groups,
Proc. London Math. Soc. (3) 15 (1965), 239-268.
[2] S. Bachmuth; Induced automorphisms of free groups and free metabelian groups,
Trans. Amer. Math. Soc. 122 (1966), 1-17.
[3] M. Bestvina, Kai-Uwe Bux and D. Margalit; Dimension of the Torelli group for
Out $(F_{n})$ , Invent. Math. 170 (2007), no. 1, 1-32.
[4] F. Cohen and J. Pakianathan; On Automorphism Groups of Free Groups, and
Their Nilpotent Quotients, preprint.
[5] F. Cohen and J. Pakianathan; On subgroups of the automorphism group of a free
group and associated graded Lie algebras, preprint.
[6] N. Enomoto and T. Satoh; On the derivation algebra of the free Lie algebra and
trace maps, preprint.
[7] B. Farb; Automorphisms of $F_{n}$ which act trivially on homology, in preparation.
[8] S. Gersten; A finete presentation for the special automorphism group of a free
group, Journal of Pure and Applied Algebra, 33 (1984), 269-279.
[9] A. Hatcher and N. Wahl; Stabilization for the automorphisms of free groups with
boundaries, Geometry and Topology, Vol. 9 (2005), 1295-1336.
[10] D. Johnson; An abelian quotient of the mapping class group, Math. Ann. 249
(1980), 225-242.
[11] D. Johnson; The strucure of the Torelli group III: The abelianization of $\mathcal{I}_{g}$ , Topol-
ogy 24 (1985), 127-144.
[12] N. Kawazumi; Cohomological aspects of Magnus expansions, preprint, The Uni-
versity of Tokyo. UTMS 2005-18 (2005),
http: $//xxx$ . yukawa. kyoto-u. ac. jp$/abs/math.GT/0505497$ .
[13] M. Kontsevich; Formal (non)commutative symplectic geometry, The Gel‘fand
Mathematical Seminars, 1990-1992, Birkh\"auser Boston, Boston, MA, (1993) 173-
187.
[14] M. Kontsevich; Feynman diagrams and low-dimensional topology, First European
Congress of Mathematics, Vol. II, Progr. Math., 120, Birkh\"auser, Basel, (1994),
97-121.
[15] S. Krsti\v{c}, J. McCool; The non-finite presentability in $IA(F_{3})$ and $GL_{2}(Z[t, t^{-1}])$ ,
Invent. Math. 129 (1997), 595-606.
132
[16] W. Magnus; \"Uber n-dimensinale Gittertransformationen, Acta Math. 64 (1935),
353-367.
[17] J. McCool; A presentation for the automorphism group of a free group of finite
rank, J. London Math. Soc., (2), 8 (1974), 259-266.
[18] S. Morita; Casson $s$ invariant for homology 3-spheres and characteristic classes of
surface bundles I, Topology, 28 (1989), 305-323.
[19] S. Morita; Abelian quotients of subgroups of the mapping class group of surfaces,
Duke Mathematical Journa170 (1993), 699-726.
[20] S. Morita; Structure of the mapping class groups of surfaces: a survey and a
prospect, Geometry and Topology Monographs Vol. 2 (1999), 349-406.
[21] S. Morita; Cohomological structure of the mapping classs group and beyond, Proc.
Sympos. Pure Math., 74, Amer. Math. Soc., Providence, RI, 2006.
[22] S. Morita; On the Homology Groups of the Mapping Class Groups of Orientable
Surfaces with twisted coefficients, Proc. Japan Acad., 62, Ser. A (1986), 148-151.
[23] S. Morita; Family of Jacobian manifolds and characteristic classes of surface bun-
dles, Ann. Inst. Fourier (Grenoble) 39 (1989), no. 3, 777-810.
[24] S. Morita; Family of Jacobian manifolds and characteristic classes of surface bun-
dles II, Math. Proc. Cambridge Philos. Soc. 105 (1989), no. 1, 79-101.
[25] J. Nielsen; Die Isomorphismen der allgemeinen unendlichen Gruppe mit zwei
Erzeugenden, Math. Ann. 78 (1918), 385-397.
[26] J. Nielsen; Die Isomorphismengruppe der freien Gruppen, Math. Ann. 91 (1924),
169-209.
[27] J. Nielsen; Untersuchungen zur Topologie der geschlossenen Zweiseitigen Fl\"aschen,
Acta Math. 50 (1927), 189-358.
[28] A. Pettet; The Johnson homomorphism and the second cohomology of $IA_{n}$ , Alge-
braic and Geometric Topology 5 (2005) 725-740.
[29] C. Reutenauer; Free Lie Algebras, London Mathematical Societymonographs, new
series, no. 7, Oxford University Press (1993).
[30] T. Satoh; Twisted first homology group of the automorphism group of a free group,
Journal of Pure and Applied Algebra, 204 (2006), 334-348.
[31] T. Satoh; New obstructions for the surjectivity of the Johnson homomorphism of
the automorphism group of a free group, Journal of the London Mathematical
Society, (2) 74 (2006), 341-360.
133
[32] T. Satoh; Twisted second homology groups of the automorphism group of a free
group, Journal of Pure and Applied Algebra, 211 (2007), 547-565.
[33] T. Satoh; On the fourth Johnson homomorphism of the automorphism group of a
free group, Journal of Algebra, 323 (2010), 3182-3201.
[34] T. Satoh; First cohomology groups of the automorphism group of a free group with
coefficients in the abelianization of the IA-automorphism group, preprint.
[35] T. Satoh; On the lower central series of the IA-automorphism group of a free group,
Journal of Pure and Applied Algebra, to appear.
134
